In this paper, we consider two kinds of special matrices, which are called Ppoeplitz matrix and Ppankel matrix. The idea of matrix transformation is used to compute the determinants and inverses of the Ppoeplitz matrix and the Ppankel matrix. We develop e cient formulas for inverting the Ppoeplitz matrix and the Ppankel matrix. Speci cally, for inverting the Ppoeplitz matrix and the Ppankel matrix using our proposed formulas, which only 11 entries need to be calculated when n is even, only 12 entries need to be calculated when n is odd. An example is given to illustrate the formulas.
Introduction
It is a very interesting and important problem to calculate the explicit determinants and inverses of some special matrices with famous numbers, and which have been quite investigated by some scholars. The authors proposed the invertibility criterium of the generalized Lucas skew circulant type matrices and provided their determinants and the inverse matrices in [19] . The determinants and inverses are discussed and evaluated for Tribonacci skew circulant type matrices in [9] . Lin [11] showed the determinants of the Fibonacci-Lucas quasi-cyclic matrices. Circulant matrices with Fibonacci and Lucas numbers are discussed and their explicit determinants and inverses are proposed in [16] . The authors provided determinants and inverses of circulant matrices with Jacobsthal and Jacobsthal-Lucas numbers in [3] . Determinants, norms, and the spread of circulant matrices with Tribonacci and generalized Lucas numbers are discussed in [14] . In [6] , circulant type matrices with the k-Fibonacci and k-Lucas numbers are considered and the explicit determinants and inverse matrices are presented by constructing the transformation matrices. Jiang et al. [7] gave the invertibility of circulant type matrices with the sum and product of Fibonacci and Lucas numbers and provided the determinants and the inverses of these matrices. In [8] , Jiang and Hong gave the exact determinants of the RSFPLR circulant matrices and the RSLPFL circulant matrices involving Padovan, Perrin, Tribonacci and the generalized Lucas numbers by the inverse factorization of polynomial.
It is worthwhile to note that Akbulak and Bozkurt gave the upper and lower bounds for the spectral norms of the Fibonacci and Lucas Toeplitz matrix [2] . Jiang and Zhou showed the explicit formula for spectral norm of an r-circulant matrix whose entries in the rst row are alternately positive and negative [10] . Zhou and Jiang investigated explicit formulas of spectral norms for g-circulant matrices with Fibonacci and Lucas numbers [20] . Explicit forms for the inverse matrices of Tribonacci circulant type matrices are provided in [13] . Sun and Jiang [15] gave the determinant and inverse of the complex Fibonacci Hermitian Toeplitz matrix by constructing the transformation matrices. The idea of special transformation matrix is used to show the explicit determinants and inverses of Fibonacci and Lucas skew symmetric Toeplitz matrices in [4] .
In this paper, we show the explicit determinants of the Ppoeplitz matrix and Ppankel matrix which are both involving Pell-Padovan sequences(see De nitions 1.1 and 1.2 below). Our main purpose is to give the expressions of the entries of the inverse for these kinds of matrices.
The Pell-Padovan sequences (see, e.g. [1, 17, 18] ) are de ned by the following recurrence relations:
Pn = P n− + P n− , (n ≥ ), P−n = − P −(n− ) + P −(n− ) , (n ≥ ), P = P = P = .
De nition 1.1. An n × n Ppoeplitz matrix is a Toeplitz matrix of the form
where P , P ± , · · · , P±n are the Pell-Padovan numbers.
De nition 1.2. An n × n Ppankel matrix is a Hankel matrix of the form
It is easy to check that
whereÎn is the "reverse unit matrix", having ones along the secondary diagonal and zeros elsewhere.
The determinants and the inverses of some special matrices
The determinants and the inverses of some special structured matrices are discussed in this section. These matrices can be met in course of Ppoeplitz matrix determinant-calculation (or inverse-calculation).
Lemma 2.1 ([13]). De ne an n × n tridiagonal Toeplitz matrix by
In addition, tridiagonal Toeplitz matrix is fairly known. See for example [5] and the references therein. 
Lemma 2.2 ([13]). De ne a j × j special upper Hessenberg matrix by
where det A i (ϵ , ϵ , ϵ ), i = , , · · · , j − can be calculated using Lemma 2.1.
Lemma 2.3. De ne a k × k tridiagonal-Toeplitz-like matrix by
D k ([a i ] k i= , [b i ] k i= , ϵ , ϵ , ϵ ) =                a k a k− a k− · · · a a a b k b k− b k− · · · b b b ϵ ϵ ϵ · · · · · · ϵ ϵ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ϵ ϵ ϵ · · · · · · ϵ ϵ ϵ                k×k , we have det D k ([a i ] k i= , [b i ] k i= , ϵ , ϵ , ϵ ) = k− j= (− ) k+ −j b j ϵ j− det B k−j ([a i ] k i=j+ , ϵ , ϵ , ϵ ) + k− j= (− ) k+ −j a j ϵ j− det B k−j ([b i ] k i=j+ , ϵ , ϵ , ϵ ),where det B k−j ([a i ] k i=k−j+ , ϵ , ϵ , ϵ ), det B k−j ([b i ] k i=k−j+ , ϵ , ϵ , ϵ ), j = , ..., k − can be obtained by Lemma 2.2.
Lemma 2.4. [12] Let F and
A B E F be invertible matrices, we have
Lemma 2.5. De ne an n × n tri-band-Toeplitz matrix by
Lemma 2.6. Let P j be the jth Pell-Padovan number, then we have
where a is a complex number, k is a nonnegative integer number and i = √ − . According to formulas (2.4), (2.5), (2.6) and the recurrence relations of the Pell-Padovan sequences, we can obtain (2.2), which completes the proof.
Proof. (i) Let
(ii) Let
On multiplying the both sides of formula (2.7) with a and a , respectively, we get the relations
and
According to formulas (2.7), (2.8), (2.9) and the recurrence relations of the Pell-Padovan sequences, we can obtain (2.3), which completes the proof.
Determinant and inverse of a Ppoeplitz matrix
In this section, we will give the determinant and the inverse of the matrix T P,n in Theorems 3.1 and 3.2 below, respectively. The main purpose of this contribution is to nd analytical formulas for the inverse of a Ppoeplitz matrix (1.1).
Theorem 3.1. Let T P,n be an n × n Ppoeplitz matrix given in (1.1). We have det T P, = , det T P, = − , det T P, = and det T P, = . When n ≥ , we have
1)
where P i is ith the Pell-Padovan number, i = , ± , · · · , ±(n − ), ±n,
Proof. Let T P,n be a Ppoeplitz matrix, and we can easily get the following conclusions:
det T P, = , det T P, = − , det T P, = and det T P, = .
In the case n ≥ , let 
By M , N and the recurrence relations of the Pell-Padovan sequences, the matrix T P,n is changed into the following form 
where p i = P −(n+ −i) − P−nP i , i n − , pn = P − P−nPn ,
By the Laplace expansion of matrix M T P,n N along the rst column, we can get that
According to Lemma 2.3, we have
According to Lemma 2.2, we have
According to Lemma 2.1, we have det
, we can obtain det T P,n as (3.1), which completes the proof. 
Theorem 3.2. Let T P,n be an invertible Ppoeplitz matrix and n ≥ . (i) When n is even, we have
(ii) when n is odd, we have 
4)
where
and Proof. First of all, we introduce two transformation matrices when n ≥ in the following 
and p i , q i , s i , ≤ i ≤ n are the same as in Theorem 3.1.
On multiplying the left-hand side of M T P,n N with M , the right-hand side of M T P,n N with N , respectively, we get the relations 6) where Υ = pn is a diagonal matrix, and Π is a tridiagonal-Toeplitz-like matrix as follows 
7)
Υ ⊕ Π is the direct sum of Υ and Π. Using formula (3.6), we get
Let Π be partitioned as 
